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A Batalin-Vilkovisky formalism is most general framework to construct con- 
sistent quantum field theories. Its mathematical structure is called a Batalin- 
Vilkovisky structure. First we explain rather mathematical setting of a Batalin- 
Vilkovisky formalism. Next, we consider deformation theory of a Batalin- 
,S^ ' Vilkovisky structure. Especially, we consider deformation of topological sigma 

j^ , models in any dimension, which is closely related to deformation theories in 

mathematics, including deformation from commutative geometry to noncom- 
mutative geometry. We obtain a series of new nontrivial topological sigma 
models and we find these models have the Batalin-Vilkovisky structures based 
on a series of new algebroids. 
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1 Introduction 



Topological field theory is a powerful method to analyze geometry by means 
of a quantum field theorv. pJBRTj A Batalin-Vilkovisky formalism |BV) is a 
most general systematic method to treat a consistent quantum field theory. So 
it is natural to treat topological field theory by means of a Batalin-Vilkovisky 

d • formalism. 

H ! Deformation theory is one of main topics in mathematics. On the other 

hand, deformation theory of a quantum field theory is proposed by BBH B^ 
in the physical context. Purposes of this deformation theory are to find a new 
^^ ' gauge theory, or to prove a no-go theorem to construct a new gauge the- 

H I ory. Now we apply deformation theory to topological field theories, especially 

to topological sigma models. Our purpose is to construct many geometries 
by topological field theories, classify geometries as topological field theories, 
and unify many deformation theories as a topological field theories. Moreover 
we can analyze many deformation theories in mathematics as quantum field 
theories. 

In this article, we consider a topological sigma model. Let X and M be two 
manifolds. We denote a (smooth) map from X to M. A sigma model is a 



2 Noriaki IKEDA 

quantum field theory constructed from a map (f) (and other auxiliary fields). 
We analyze structures on M by the structures induced from X. A topological 
sigma model is a sigma model independent of metrics of X and M |Wlj . 

The AKSZ formulation lAKSZ, of the Batalin-Vilkovisky formalism is a 
general framework to construct a topological sigma model by the Batalin- 
Vilkovisky method. This formulation is appropriate to analyze geometry by 
means of a topological sigma model. In this article, first we generalize the 
AKSZ formulation to a general n dimensional base manifold X and a target 
manifold with general gradings p. 

Next we discuss deformation of a Batalin-Vilkovisky structure with general 
gradings. We can construct various geometrical structures on M if we consider 
general n and general grading p. This formulation provides a clear method to 
unify and to classify many geometries as Batalin-Vilkovisky structures, and to 
analyze them as quantum field theories. This construction includes many new 
topological sigma models as special cases, for examples, the topological sigma 
model with a Kahler structure {A model) , with a complex structure {B model) 
|W2 AKSZ|. with a symplectic structure JW1| . with a Poisson structure (the 
Poisson sigma model) Ql] jSSj , with a Courant algebroid structure |Rlj |T4J jHPj , 
with a twisted Poisson structure |KS| |I5] . with a Dirac structure jKSS| . with 
a generalized complex structure |7]|T5]|Pe]. and so on. 



2 AKSZ formulation of Batalin-Vilkovisky formalism on 
Graded Bundles 

We explain general setting of the AKSZ formulation [AKSZj of the Batalin- 
Vilkovisky formalism for a general graded bundle in the rather mathematical 
context. 

Let M be a smooth manifold in d dimensions. We consider a supermanifold 
IIT*M. Mathematically, nT*AI, whose bosonic part is M, is defined as a 
cotangent bundle with reversed parity of the fiber. That is, a base manifold 
M has a Grassman even coordinate and the fiber of IIT*M has a Grassman 
odd coordinate. We can introduce a grading. The coordinate on the bass 
manifold has grade zero and the coordinate on the fiber has grade one. This 
grading is called the total degrees. Similarly, we can define UTM for a tangent 
bundle TM. 

We can consider more general assignments for the degree of the fibers of 
T*M or TM . For a nonnegative integer p, we define T*[p\M , which is called 
a graded cotangent bundle. T*[p\M is a cotangent bundle the degree of whose 
fiber is p. If p is odd, the fiber is Grassman odd, and if p is even, the fiber is 
Grassman even. The coordinate on the bass manifold has the total degree zero 
and the coordinate on the fiber has the total degree p. We define a graded 
tangent bundle T\p\M in the same way. For a general vector bundle i?, a 
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graded vector bundle E[p\ is defined in a similar way. E[p\ is a vector bundle 
which degree of the fiber is shifted by p. ^ 

We consider a Poisson manifold N with a Poisson bracket {*,*}. If we can 
construct a graded manifold N from N, then the Poisson structure {*, *} shifts 
to a graded Poisson structure by grading of N. The graded Poisson bracket 
is called an antibracket and denoted by (*, *). (*, *) is graded symmetric and 
satisfies the graded Leibniz rule and the graded Jacobi identity with respect 
to grading of the manifold. The antibracket (*, *) with the total degree — n + 1 
satisfies the following identities: 

(F,G) = -(-l)(l^l+i-")(IG|+i-«)(G,^), 

(F, GH) = (F, G)H + (-l)(l-^l+i-")l^lG(i^, H), 

(FG, H) = F{G, H) + {-i)\G\(\"\+^-^\F, H)G, 

(_l)(l^l+i-")(|ff|+i-«)(i^^ (G^ H)) + cyclic permutations = 0, (1) 

where F,G and H are functions on N and li^UGI and \H\ are the total 
degrees of functions respectively. The graded Poisson structure is also called 
the P-structure. 

Typical examples of a Poisson manifold N are a cotangent bundle T*M 
and a vector bundle E(B E* . Two bundles have important roles in this paper. 
An other example is a vector bundle E with a Poisson structure on the fiber. 
We consider these three bundles. 

First we consider a cotangent bundle T*M. Since T*M has a natural sym- 
plectic structure, we can define a Poisson bracket induced from the natural 
symplectic structure. If we take a local coordinate 0* on M and a local coor- 
dinate Bi of the fiber, we can define a Poisson bracket as follows: ^ 

where F and G are a function on T* M , and d /dip and d /dip are the right and 
left differentiations with respect to ip, respectively. Next we shift the degree of 
fiber by p, and we consider the space T*[p]M. The Poisson structure changes 
to a graded Poisson structure. The corresponding graded Poisson bracket is 
called the antibracket, (*,*). Let cf/ be a local coordinate of M and Bn-i,i 
a basis of the fiber of T*[p]M. ■^ An antibracket (*, *) on a cotangent bundle 
T*[p]M is represented as: 

d d d d 
{F,G)=F . ^^ G-F-^ —G. (3) 



^ Note that only the fiber is shifted and the base space is not shifted. 

We take Einstein's summation notation. 
^ We use bold notations for local coordinates of graded (super)vector bundles, while 

we use nonbold notations for local coordinates of usual vector bundles. 
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The total degree of the (*, *) is —p. 

Next, we consider a vector bundle E ® E* . There is a natural Poisson 
structure on the fiber oi E (B E* induced from natural paring among E and 
E* . If we take a local coordinate A" on the fiber of E and Ba on the fiber of 
E* , we define 

where F and G are a function on E Q) E* . We shift the degrees of fibers of 
E and E* to E[p] © E*[q], where p and q are positive integers. The Poisson 
structure changes to a graded Poisson structure (*,*). Let Ap" be a basis 
of the fiber of E[p] and Bq,a a basis of the fiber of E*[q]. An antibracket is 
represented as 

The total degree of the (*, *) is —p — q. 

Next, we consider a vector bundle E with a Poisson structure on the fiber. 
If we shift the degree of the fiber oi E to E\p], the Poisson structure changes 
to a graded Poisson structure (*, *). Let Ap" be a basis of the fiber of E[p], 
An antibracket is represented as 

where F and G are a function on E[p] and fc"^ is a nondegenerate constant 
bivector induced from a (graded) Poisson structure. The total degree of the 
antibracket (*,*) is —2p. 

Next we define a Q-structure. A Q-structure is a function S* on a super- 
manifold N which satisfies the classical master equation {S, S) — 0. S is called 
a Batalin- Vilkovisky action, or simply an action. We require that S satisfy the 
compatibility condition 

S{F,G) ^ (5F,G) + (-1)I^I+^(F,^G), (7) 

where F and G are arbitrary functions and \F\ is the total degree of F. 
{S,F) — SF generates an infinitesimal transformation(a Hamiltonian flow). 
We call this a ERST transformation, which coincides with the gauge trans- 
formation of the theory. 

We define a (classical) Batalin- Vilkovisky structure as follows: 

Definition 1. If a structure on a supermanifold has P-structure and Q- 
structure, it is called a Batalin- Vilkovisky structure. 
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3 Batalin-Vilkovisky Structures of Abelian Topological 
Sigma Models 

3.1 BF case 

In this section, we consider Batalin-Vilkovisky structures of topological sigma 
models. 

Let X be a base manifold in n dimensions, with or without boundary, and 
M be a target manifold in d dimensions. We denote (f) a smooth map from X 
to M. 

We consider a supermanifold UTX, whose bosonic part is X. UTX is 
defined as a tangent bundle with reversed parity of the fiber. We extend a 
smooth function to a function (p : UTX -^ M. 4> is an element of nT*X ^ 
M. The total degree defined in the previous section is grading with respect 
to M. We introduce a nonnegative integer grading on nT*X. A coordinate 
on a bass manifold is zero and a coordinate on the fiber is one. This grading 
is called the form degrees. We denote degF the form degree of a function F. 
ghF = |F| — degF is called the ghost number. 

First we consider a P-structure on T*[p\M. It is natural to take p = n — 
1 to construct a Batalin-Vilkovisky structure in a topological sigma model. 
In other words, the dimensions of X labels the total degree of a Batalin- 
Vilkovisky structure on the supermanifold T*[p]M. We consider T*[n — 1]M 
for an n-dimensional base manifold X. Let (/>* be a local coordinate expression 
of nT*X (g) M, where i,j,k, ■ ■ ■ are indices of local coordinate on M. Let 
Bn~i,i be a basis of sections of nT*X (g) 4>*{T*[n - 1]M). According to the 
discussion in the previous section, we can define an antibracket (*, *) on a 
cotangent bundle T*[n — 1]M as 

d d d d 
{F,G)=F-——^ G-F—- .G, (8) 

where F and G are functions of (/>' and Bn-i,i. We take a Darboux coordinate 
0*, Bn-i^i, but it is for simplicity. We can take more general coordinates. The 
total degree of the antibracket is —n +1. If F and G are functionals of </>* and 
Bn-i^i, we understand an antibracket is defined as 

f d d d d 

{F,G)= / F—-—^ G-F—^ —^G, (9) 

Jx dfjy oBn-lA oBn-lA d(p 

where the integration over X is understood as that on the n-form part of the 
integrand. Through this article, we always understand an antibracket on two 
functionals in a similar manner and abbreviate this notation. 

Next we consider a P-structure on E (B E* . Natural assignment of the total 
degrees is nonnegative integers p and q are p + q = n— I. That is, we consider 
E[p] (B E*[n — p — 1], where 1 < p < n — 2. We can naturally construct a 
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topological sigma model in this case. Let [xj be the floor function which gives 
the largest integer less than or equal to x. If [^J < p < n ~ 2, we identify 
E[p] ®E*[n-p-l] with the dual bundle E*[n-p-l]® iE*)*[p]. Therefore 
1 ^ P < L'^^Y^J provides different structures of grading. 

Let Ap'^p be a basis of sections of nT*X (g) (f)*{E[p]) and Bn-p-i,ap a 
basis of the fiber of nT*X 4>*{E*[n - p - 1]). From ©, we can define an 
antibracket as 

{F,G)=F—^——^ G - (-l)"Pi^— — ^ TT^G. (10) 

We want to consider various grading assignments for E Q) E*. Because 
each assignment induces different Batalin-Vilkovisky structures. In order to 
consider all independent assignments, we define the following bundle. Let Ep 
be [^^J series of vector bundles, where I < p < L^^J- We consider Ep\p] © 
E* [n — p — 1] and consider a direct sum 

^ Ep[p](BE;[n^p-l] (11) 

And we define a P-structure on the graded vector bundle 

Y^ Ep[p] ®E;[n-p-l]\ e T*[n - 1]M. (12) 

p=i J 

A local (Darboux) coordinate expression of the antibracket (•, •) is a sum of 
® and (Cni): 

(F,G)= V F—^——^ G-(-l)"PF— — ^ — ^G(13) 

where p — component is the antibracket © on the graded cotangent bundle 
T*[n — 1]M and Aq°-° = (j)^. Note that all terms of the antibracket have the 
total degree —n + 1. We can confirms that the antibracket H13|) satisfies the 
identity ((TJ. 

We construct a Q-structure on the bundle H12I) . A simplest and natural 
action for a topological sigma model is 

^0- V (-i)"-M B„-p-i a,o^A/^ (14) 

where d is a exterior differential on X. The total degree of rf is 1 because 
the form degree is 1 and we assign the ghost number 0. The integration over 
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X is understood as that over the n-form part (the form degree n part) of 
the integrand. This action is analogy of a fundamental form 6 = Pidq^ for 
a symplectic form w, which has to = —d9, therefore this action is directly 
derived from the P-structure on the graded bundle. The total degree of Sq is 
n. It is called an abelian BF theory in n dimensions. 

So defines a Q-structure, since we can easily confirm that S'o satisfies the 
classical master equation: 

(5o,5o) = 0, (15) 

'Abelian' means that the theory has a U{\) gauge symmetry. The BRST 
transformation (the gauge symmetry) is defined as 

<5o«f = (5o,«f)=d#, (16) 

/ I li^ I 
where # is an arbitrary section of a total bundle I '}2in=i ^p[p\ ® E*[n — p — 1] 

T*[n—\\M . (5o = is satisfied from (S'o, S'o) — 0, which is consistent to d^ — 0. 

3.2 Chern-Simons with BF case 

For a vector bundle E with a Poisson structure on the fiber, we can construct 
an another topological sigma model if n is odd. We consider a graded vector 
bundle E[q] for E, which degree of the fiber is shifted by q. Let Aq"-" be a 
basis of sections of IIT*X ® (p*{E[q\). From the equation ®, we can define 
an antibracket as 

If we take a nonnegative integer q — -^^^j then the total degrees of ||HJ), 
pU|) and (|17|l are all —n + 1. Thus we can consider a combined P-structure. 
We consider a direct sum of E[q] = E [^^] with Ep[p] ® E*[n - p - 1] 



J2Ep[p](BE;[n-p-l]] ®E 



n-1 



(18) 



where we have absorbed E.p[p] ® E*[n - p - 1] to E [^^] for p = ^^. We 
can define a natural P-structure on the graded vector bundle 

(eS ^pW ®E;[n-p^l]^®E [2^] ®T*[n- 1]M. A local (Darboux) 
coordinate expression of the antibracket (•, •) is a sum of (|HJ|, (|10|l and H17|) : 

7^-3 

_„ UJ-i-p ^ U±Jn~p~-l ap f-^J-^n—p—l ap UJ-\.p ^ 






+Pi=r^—k''''—^G, (19) 
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where p = component is the antibracket on the graded cotangent bundle 
T*[n — 1]M and Aq'^" =</>*. q = ^^-^ is needed for all the terms to have the 
total degree —n + 1. 

A simplest and natm'al action 5*0 is 

ra-3 

^0 = E(-l)""' / ^"-P-i -.'^^p"" + / ^^^ adA^ b, (20) 

The second term is called an abelian Chern-Simons theory in n dimensions. Sq 
defines a Q-structure, since we can easily confirm that 5*0 satisfies the classical 
master equation: 

(5o,5o) = 0, (21) 

This action also has a U{1) gauge symmetry. The BRST transformation is 

6„^ = {So,^)=d^, (22) 

where # is an arbitrary section of the total bundle. 

4 Deformation 

In this section, we consider deformation of Batalin-Vilkovisky structures. De- 
formation means deformation of the Q-structure for a fixed P-structure. We 
consider local deformation from the settled point (|14() or (|20ll of the moduli 
space. 

/ I 2^Li I 

First we consider the BF case of the bundle I X]p=o ^p[p\ ® E*[n — p ~ 1] 
T*[n — 1]AI. The beginning Q-structure is the equation (jl4|l . We deform this 
Batalin-Vilkovisky action So to 

S = Sa+gSi, (23) 

under the condition that S also satisfies the classical master equation: 

{S, S) = 0, (24) 

where 5 is a deformation parameter and Si represents all the deformation 

/ I S—l I 

terms, which are functional on X and functions on ( J^pJo ^p [p\ (B E*[n — p — 
T*[n — 1]M. We require that S is the total degree n. It is equivalent that the 
ghost number is zero ghS" = jS*! — degS* ~ 0. This condition is physically 
necessary, though we can relax this condition mathematically. If two defor- 
mations S and S" satisfy S' = S + {Sq, T) = S + SqT for some functional T, 
two Batalin-Vilkovisky structures are equivalent. Therefore the problem is to 
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look for the total degree n cohomology class 
jjn (^nT*X ® (EiX^ Ep[p\ ®E;[n~p~ 1]) ®T*[n~ l]M 
Substituting S = So + gSi to l|24|l , we obtain g expansion 

{So, So) + 2g{So, Si) + g\Si, Si) = 0, (25) 

Zero-th order of the equation l(^ . (5*0, So) — 0, is already satisfied. 

First order is {So, Si) ~ 0. Because of the equation H16() . Si is the inte- 
gration of an arbitrary function F of all fundamental superfields ^ which are 
Ap°-p or Bqbg , and their derivatives d^: 

Si^ [ F{^,d^). (26) 

Jx 

For simplicity, we assume that there is no boundary contribution to S, that 
is, integration of total derivative terms on X is always zero. This corresponds 
to assume that there is no obstruction of deformation. Then we can prove the 
following theorem: 

Theorem 1. Assume there is no boundary contribution on X , i.e. J^ dG{^) — 
for any function G. If a monomial of F{^, d^) includes at least one d^, 
J^ F{^, d^) is So-exact. 

Proof. We can assume that /^F(#,d#) = X]p=o /x -^"-p-i'^^P' "^here 
Fn-p-i are functions with the form degree n — p — 1 and Gp are functions 
with the form degree p. From H16() , we obtain 

SoFo = 0, 

SoFn-p-i = dFn-p-2 for -1 < p < n - 2, 

dFr, = 0, 

SoGo = 0, 

SoGp — dGp-i for 1 < p < n, 

dGn = 0, (27) 

For even p, adjoining two terms are combined as 

Fn-p-ldGp + Fn^p^2dGp+i 

= {-l)"-P-^So{F,,^p_iGp+i) - (-l)"-^-^d(K-p-2Gp+i) (28) 

using the relations H27() . Thus integration of these two terms is (5o -exact. 

If n is even, ^i = X)p=o Ix Fn-p~idGp has even numbers of terms, there- 
fore we combine each two term like H28|l and we can confirm that 5*1 is (5o-exact. 

If n is odd, the last term FodGn-i remains. However this term is ^o-exact 
because F^dGn^i = 5o{FoGn)- Therefore 5*1 is 5o-exact. D 
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Therefore since the nontrivial Si cohomological class does not include d, we 
can take Si = J-^ F{^). Concretely we can express 



^1= E / ^P(i)-PW,.(i)-.(Oa,a,-.<.)'''^''"'""(^o'^°) 

xAp,--i^> . • • Ap/-('=)B,,6,,,, • • . B„b,„, , (29) 



where i^p(i)...p(fe),g(i)...g(o a^d, -ap,,, '''<''■■■''''<" (-^o"") is a function of Ao"« and 
p{r) ^ 0, q{s) ^ for r — I, ■ ■ ■ ,k, s = I, ■ ■ ■ ,1. From the degS* = n condition, 

we obtain X;Lo I^pc""'"' I + ^^3=0 I ^9^6,(3) I = '^• 
Second order of the equation 1^3)) 

(5i,^i) = 0, (30) 

imposes conditions on functions Fp(^i)---p{k)Mi)---iii) a^iD-o.^w^''''^'^'"^'''-''^ (^o°°)- 
These conditions determine the mathematical structure of a Batalin-Vilkovisky 
structure. 

We call a resulting field theory 5 = 5o + 56*1 a nonlinear gauge theory in 
n dimensions. 

Next we consider the Chern-Simons with BF case 

( n-3 \ 

Yjp-i Ep[p\ ® E*[n - p - l]\ ® E [^^] . We make a similar discussion with 

the BF case. We consider deformation of the Batalin-Vilkovisky action pO() 
to 1)23(1 . S = So + gSi, under the condition that S also satisfies the classical 
master equation ((24(1 . We obtain Si by using Theorem 1. 6*1 has a similar 
expression with ((29() but has different field contents. The second order of the 
equation (P5)> 



iSi,Si) = 0, (31) 

imposes conditions on functions -Fi,(i)---p(fc),g(i)---g(o ap^^■■■a^^^■,'''''■^>"''''''^'> (-4o"°). 

5 Deformation in lower dimensions 

In this section, we concretely analyze the algebraic and geometric structure 
of deformation of a topological sigma model in lower dimensional X . 

We can easily find that we cannot obtain nontrivial deformation in case of 
the total degree n = 1, thus we cannot obtain a nontrivial structure. 

5.1 n = 2 

We analyze the algebraic structure of the total degree n = 2 topological sigma 
model. In two dimensions, the total graded bundle ^ is T*[1]M = nT*M. 
(P|l under ^ is 
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S = Sq + gSi , 
So = j Bud4>\ S, = J ^r{cf,)BuB,„ (32) 

where i,j, ■ ■ ■ are indices of a local coordinate expressions on T*[1]M. and we 
rewrite the notations as (/>* — Aq^ and ^/'■'(</>) — Fii*-'(j4o). This topological 
sigma model is known as the Poisson sigma model pj jSSj . If we substitute 
this Si to the condition (|30|l . we obtain the geometric structure of the action. 
We obtain the following identity on /*•' : 

fiA^po + f^P' + P'^if' = 0. (33) 

ocp 0(p ocp 

If we restrict the identity on X (i.e. a ghost number zero sector), (|33|) reduces 
to 






f'\^)^J^ + f{<l>)^\jF + fn^)-^,J^ = 0. (34) 



Under the identity (|33|) . — /*■' defines a Poisson structure as 

TO),G(^)}.-/-(0)^^, (35) 

on the space M . Conversely, if we consider the Poisson structure — /*■' on M, 
which satisfies the identity H33|l . we can define the action H32() consistently. 
This Poisson bracket (|35(l is directly constructed if we restrict the derived 
bracket |Kosj of a Batalin-Vilkovisky structure: 

{^(0), G(0)} = _^^f ^■(0)-^G = ((5, F), G), (36) 

ocp ocp-' 

to M and X, i.e. to the ghost number zero sector. 

The Batalin-Vilkovisky structure of this theory has a structure of the Lie 
algebroid T*[l]J^ |LO||n] . where A^ is a space of a (smooth) map from UTX 
to a target space M. 

A Lie algebroid is a generalization of a bundle of a Lie algebra over a base 
manifold A^. A Lie algebroid over a manifold is a vector bundle £ ^ A4 with 
a Lie algebra structure on the space of the sections r{£) defined by the Lie 
bracket [ei, 62], ei, 62 £ r{£) and a bundle map (the anchor) p : £ ^ TA4 
satisfying the following properties: 

1, For any ei,e2Gr(£:), [p(ei), p(e2)] = /9([ei,e2]), 

2, For any 61,62 e r{£), F e C°°{M), 

[ei, Fe2] = F[ei,e2] + {p{ei)F)e2, (37) 

We can derive the bracket of a Lie algebroid from the antibracket and the 
Batalin-Vilkovisky structure of the n ~ 2 theory. In our case, a vector bundle 
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£^ is a cotangent bundle r*[l]A^. The Lie bracket of the two sections ei and 
62 is defined as a derived bracket of the antibracket by 

[61,62]= ((5, ei), 62), (38) 

and the anchor is defined by 

p(6)F(0)^(6,(5,^(0))). (39) 

Then we can confirm [61,62] = —[62,61], from (61,62) — and the graded 
Jacobi identity of the antibracket. Similarly, a Lie algebroid conditions 1 and 
2 on the bracket [•, •] and the anchor map p are obtained from the classical 
master equation {S, S) — 0. From this derived bracket, we directly obtain the 
following "noncommutative" relation on the coordinates: 

[cf,\cf,'] = -P{ct>). (40) 

The anchor is a differentiation on functions of <p as 

p[cj,^)F{cj,)^~r{<i>)^F{4>). (41) 

5.2 n = 3 

BF case 

We analyze a nonlinear gauge theory in three dimensions. In this case, the 
theory defines the topological open 2-brane as a sigma model ^ |Paj . 

We consider a supermanifold UTX whose ghost number zero part is a 
three-dimensional manifold X. A base space 7W is the space of a (smooth) 
map 4> from UTX to a target space M . In n = 3, the total bundle 1)11(1 is a 
vector bundle E[l] © E*[l]. From ^, we consider {E[l] © £;*[1]) © T*[2]M. 
We obtain an antibracket (•, •) on the space of sections of nT*X © (f)*{E[l] © 
E*[l] © T*[2]M) if we set n = 3 in (ini). 

In order to write down the Batalin-Vilkovisky action S, we take a local ha- 
sis on 7TT*X©0*(£'[l]©i?*[l]) as ^1*^,^1 a, which are Darboux coordinates 
such that (Ai", A/) = {Bia^Bu) = and (Ai'',Bib) = S^'t- Moreover we 
introduce B2^ a section of nT*X © (/.*(r*[2]A/). 

The total action ^^ under ^^ is 

So= [ [-B2d4>' + BiadAi% 
Jx 

Sl= J [ha{(i>)A^'^B2^ + ^^{4>)B2^Bu + ^/3a6c(0) Ai° Ai^Ai^ 

+ ^/4afc^(</')Al'^Ai''Bi, + i/5a''^(0)Ai"BibBi, 

+ ^/6"''(0)BlaBlfcBlc], (42) 
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where we set /i^* = Fi^2a , f^ = -F,21* , yfsabc = Flll,abc, ■'ij^ah' = -F'll,la&'^, 

\j^a'' = F^.Ma". jife"'"' = F^ui"'"', for clarity. The condition of the 
classical master equation (|30f) imposes the following identities on six /^'s, 
i = 1,---,6|I2|: 

/le72^" + f2''fle' = 0, 

I T7J-'2 I - J2 I jrTjJ^b I + /le JSfc - J2 /4e6 — U, 



.>T-^^na|-- 



-/2-'" I 7777/2^' I + /2^'' I 7777/2" + /leVe"^ + f2''he'' = 0, 



-/l[a^ I 'jrrjf'ibc] I + /2"' I —-jhabc I + /4e[a /4fcc] "^ + /sefab/sc] '^ — 0, 



-/i[a' ( TT^/sfc]"'' - h'^" 7^^^'"''''^ 



+ f3eabfe^'' + f4e[a fbb] + fiab'^ fbe'^ —0: 






where [• • •] on the indices represents the antisymmctrization of them, e.g. 

^[ab] =^ab-^ba- 

If we restrict fields to X, (|43ll reduces to the following identities: 



fle'f2'' + h^'he' = 0, 

P)fi Bf'' 

Trrrhb-' + ^,.,- Jlc + fle^f4b/ + H^"^ He.bc — 0, 

0(p^ 0(j>l 

Jlb^rrj /2 -^-j-j- + lie J5b - J2 Jieb — U, 

f) f ic B f ^b 

£ jb^J'^ 1 (• jc J'^ I p i febc , £ ie £ be r» 

„ 7 (^libc] „ ,(i Bj^abc r d f e , r r de n 

-/l[a — Q— H J2'' ^77- H /4e[a ./46c] + helabj5c] — U, 
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£ i ■'56J p j\c^ J iab n p ^cd i r \d r c]e i j* e r cd r\ 

-/l[a — ^-7- h ^,j- \- JSeabJe + J4e[a J5b] + Jiab J5e — U, 

f 3lJj>__ I f j\b "ha . f [b f cd]e . f [be f die n 

n i" feed] 
-^2'^"^^^+/6''°'/5e^''l=0, 

o r 

~fl[J ^ij 1- /4[Qb''/3ed]e = 0. (44) 

The algebraic structure H43|) (or H44|) 'l is a Courant algehroid. A Courant 
algehroid is introduced by Courant in order to analyze the Dirac structure as 
a generalization of a Lie algebra of vector fields on a vector bundle |0| jLWXj . 
The Batalin-Vilkovisky structure on a Courant algebroid is first analyzed in 

m 

A Courant algebroid is a vector bundle £ ^> M and has a nondegenerate 
symmetric bilinear form (• , •) on the bundle, a bilinear operation o on r[£) 
(the space of sections on £), and a bundle map (called the anchor) p : S ^ TM. 
satisfying the following properties: 

1, ei o (62 o 63) = (ei o 62) o 63 + 62 o (61 o 63), 

2, p(6i O62) = [p(6i),p(62)], 

3, ei 0F62 = F(6i 062) + (/9(ei)F)62, 

4, ei 062 = -I?(ei ,62), 

5, p(ei)(62 ,63) = (61 062 ,63} + (62 ,ei 063), (45) 

where 61, 62 and 63 are sections of £, and _F is a function on A^; P is a map 
from functions on M. to r{£) and is defined by {T>F , e) = p{e)F. 

In our nonlinear gauge theory, M. is the space of a map (f> from UTX 
to M and £ is the space of sections of nT*X © 0*(£'[1] © £^*[1]). Let e° be 
a local basis of sections of £. We take e"' = Ai"" or Bi a, which are a £'[1] 
component or a E* [1] component respectively. We define a graded symmetric 
bilinear form (■,•), a bilinear operation o, a bundle map p and P from the 
antibracket as follows: 

{e\e')^{e\e% 

p(6«)£(0)^(6^(5,F(0))), 

V(*) = {S,*). (46) 

Then we can confirm that the classical master equation (5, S) = 0, which 
derive the identity H43I) on structure functions /'s, is equivalent to the condi- 
tions 1 to 5 of the equation (|45|l . |Rl j |T4 ] We calculate the operations o and p 
on the basis as follows: 
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Ai" o Bu = -Ubc^{ct})Ai- + hb^-{ct,)Bi,, 

Bia O Bib = -f3abci<t>)Ai'' - hab^WBic, 

p{BiaW = -ha{(l^). (47) 

This topological sigma model defines a Courant algebroid structure on the 
space E[\\ © i?*[l]. We call this model as the Courant sigma model. 

Chern-Simons with BF case 

Since we can consider Chern-Simons with BF case if n is odd, In three di- 
mension, we can construct another model. Let _E be a vector bundle with a 
Poisson structure on the fiber. If we take n = 3 in the equation p8|l . we obtain 
E[\\. A P-structure is defined on the graded vector bundle £'[1] © T*[2]M by 
setting n = 3 in the equation H19|) . The abelian action is the n — ?> case in the 
action (I^OJ: 

r Uab 

(48) 





''^L 


B2 


,;d0'' + 


j^ab 

2 


■Ai, 


adAib 


and deformation is 


obtained as 


follows: 








5 = 


Sq +gSi, 












5i = 


f (ha {4 


,)A" 


B..] 


:./2o 


i6c(<: 


P)A''J 



(49) 

where we rewrite two structure functions /la' — gFn^a and ^f2abc = gF30,abc 
for clarity. If we substitute (|49() to the condition H30|l. we obtain the identities 
on the structure functions fia^ and f2abc as 

k'^'fla'flb' = 0, 

( J ~^ J ~^ j ~^ J ~^ \ 

I Jld ~^~~7 J2abc Jlc ^ a J2dab ~r Jib „ . J2cda /la „ ^- J2bcd I 

\ a^-' a^ o^ a^-* y 

+ k'^ if2eabf2cdf + f2eacf2dbf + f2eadf2bcf) — 0. (50) 

The identities H5()|l define a Courant algebroid. In the definition of the 
Courant algebroid, A4 is the space of a map 4> from UTX to M and £ is 
the space of sections of nT*X (f)*{E[l]). We define a graded symmetric 
bilinear form (•,•), a bilinear operation o, a bundle map p and V by the 
antibracket with the same as the equation H46|l . Then we can confirm that 
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the classical master equation {S, S) = 0, which derive the identity H5U|I on 
structure functions /'s, is equivalent to the conditions 1 to 5 of a Courant 
algebroid 145|l . |I3) We take the basis of the section of the fiber e° = Ai". We 
calculate the operations o and p on the basis as follows: 

p{A'')cj)^ = -/ic'(0)fc"^ (51) 

All deformations of a topological sigma model on the space E[l] have a 
Courant algebroid structure. 

5.3 General n 

In n dimensions, the equation (|30|) . (S'l, Si) = 0, impose an algebroid structure 

on the space (fTT|l . J^pJi ^pM ® E*[n - p — 1]. The algebroid structure is 
derived from the Batalin-Vilkovisky structure (S'l, 5i) = of nonlinear gauge 
theories. Now we obtain an infinite series of algebroids labeled by n. We call 
this algebroid an n-algebroid. 

In the previous section, we have found that the n = 2 case defines a Lie 
algebroid on T*M and the n = 3 case defines a Courant algebroid on _E©£'*. 
For n > 4 cases, we can easily calculate algebraic relations but characterization 
of algebroid structures is still unknown. Higher order generalization has also 
been discussed in |Se] . 

In the Chern-Simons case, the equation 1)301) . (S'l, Si) = impose an alge- 

( 71-3 \ 

Y.p=i Ep[p] ® E*[n - p - l]j ®E [^] . 

In the previous section, we have found that the n = 3 case defines a Courant 
algebroid on E. 



6 Quantum Version of Deformation 

In the previous sections, we have considered a classical BV structure. In this 
section, we discuss quantum version of deformation of a Batalin-Vilkovisky 
structure. In this section, we discuss the BF case. We can make a similar 
discussion in the Chern-Simons with BF case. 

In order to quantize a gauge theory, we must fix the gauge. Gauge fixing is 
carried out by adding a gauge fixing term Sgf to the classical action S. [GPSj 
The gauge fixed quantum action is S'q = S' -I- Sgf- 

We need the BV Laplacian. The BV Laplacian is defined as follows: 

p^g "^P (J-Dn-p-l,ap 
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The BV Laplacian satisfies the fohowing identity: 

A{F ■ G) = iAF)G + (-l)("+i)l^l (F, G) + {-ly'^FAG, (53) 

In order for the generating functional to be gauge invariant in the quantum 
sense, the fohowing quantum master equation is required: 

{Sg,Sg)-2ihASg^0, (54) 

for the quantum action Sq. In our n-algebroid topological sigma model, two 
terms are independently satisfied, i.e. ASg = and {Sg, Sg) = 0. 

O is called an observable if an operator O satisfies the following equation: 

{Sg,O)-inAO^0. (55) 

Generally, there are two kinds of observables. One is the integration of 
a local function F on the boundary dX. Let Xr C dX be a r-cycle on the 
boundary dX. If F has the form degree r, the integration of F on the r cycle 

O^ [ F(#) (56) 

is nontrivial and satisfies (|55|) . 

Another observable is constructed from Aq". We consider a function F of 
Aq" and restrict F on the boundary. Op = -F(Ao°)|9x- We can confirm that 
the form degree zero part Op of Op is an local observable with ghost number 
zero on the boundary. 

The generating functional is defined by the path integral as 

Z[0,] = / n ^^p2?B„_p_i e"(^'+S.-'-O0^ (57) 

where VAp'DBn-p-i is a path integral measure and Jk are source fields and 
Ok are observables and h — g. 

We consider n — 2 case. Let X be a two-dimensional disc. Note that 
classical deformation derives a Poisson structure on T*M in n = 2 case. On 
the other hand, quantum deformation derives the deformation quantization on 
a Poisson manifold M. jKonj The correlation function of two local observables 
Of and Og derives the Kontsevich's star product formula |CFj on a Poisson 
manifold: 

/ * 9{x) = / 250DBi of (0(l))Of (0(O))e^^' , (58) 

where (f) — Aq and 0, 1, oo are three distinct points at the boundary dX. 
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If we calculate the same correlation function for S'o, we obtain the usual 
product of functions / and g: 

f{x)g{x)^ j 2?0PBiOf^(0(l))O(")(0(o))eiSo,^ (59) 

-/ 0(00)— a; 

where 5*0^ = S'o + Sgf- Therefore quantum deformation in n = 2 is equivalent 
to the star deformation on C°°{M). 

We can generalize this discussion to higher orders. Deformation S'o -^ 
S derives a generalization of the star deformation to higher dimensions as 
follows: 

mk[0u02r--,0k]^ H VA^VB^-p-i Oi02- ■ -Oke^^-, (60) 
•' p=0 

under the appropriate regularization and the boundary conditions, where S 
is the deformation (|23|1 of the abelian topological sigma model and O^'s are 
two kinds of observables at the boundary. The correlation functions satisfy 
the Ward-Takahashi identity derived from the gauge symmetry: 

/ Yl VApVB^^p^i A (Oei^') - 0, (61) 

which leads a quantum geometric structure on the space of correlation func- 
tions. 



7 Summary and Outlook 

We have discussed deformation of Batalin-Vilkovisky structures of topological 
sigma models in n dimensions. We have constructed general theory of most 
general deformation in general n dimensions. We have analyzed structures in 
the case of n = 2 and 3 in detail. In n = 2 deformation of a BV structure 
produces a Lie algebroid structure, and in n = 3, deformation produces a 
Courant algebroid structure. For n > 4, characterization of n-algcbroids ob- 
tained by deformation of topological sigma models is still unknown and an 
open problem. 

We have also discussed quantum version of deformation. For n — 2 case, 
the deformation on the disc X is equivalent to the deformation quantization 
on a Poisson manifold M. 

In n = 2, there are two special important cases of deformations. They 
are A-model and i3-model. |W2| There are many investigations to analyze 
quantum moduli. For reviews, |BCOV| . jHKKPTVVZ| and references therein. 

n — 3 quantum deformation is analyzed in |HM| . For general n > 4, 
quantum structures are unknown. If we analyze higher n cases, we will obtain 
interesting mathematical and physical structures. 
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In this article, we assume the p and n — p — 1 are nonnegative integers in 
E[p] (B E*[n — p — 1], where we identify the p = bundle with a cotangent 
bundle T*[n — 1]AI. We will be able to generalize our discussions to negative 
integers p and n — p ~ 1. A special case has been analyzed in BM 112 . 

We need make analysis of all moduli, i.e. we should consider Kodaira- 
Spencer theory of Batalin-Vilkovisky structures. 
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